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1. Introduction and Summary 

It is well known that the string sigma model on AdS^ x is classically integrable|j|] ^. 
More precisely, the authors found a Lax formulation of the equations of motion for 
the classical Green-Schwarz superstring that leads to the existence of an infinite tower of 
conserved charges in the classical world-sheet theory. It is important to stress that this Lax 
formulation was derived for diffeomorphism invariant and k symmetry invariant theory. 

On the other hand it was shown recently in |5[ that this fact does not quite coincide 
with the standard definition of integrability. Integrability in the standard sense requires 
not only the existence of a tower of conserved charges but also requires that these charges 
be in involution. In other words the conserved charges should Poisson commute with each 
other. The analysis presented in H] explicitly demonstrated that for classical string moving 
on i? X S"^ submanifold of AdS^ x that the Poisson brackets of conserved charges are in 
involution. Further, in our recent paper we performed the Hamiltonian analysis of the 
same model on the world-sheet with general metric. We showed that in case when either 
the diffeomorphism invariance of the world-sheet theory was preserved or the components 
of the metric were fixed while the gauge symmetries generated by Virasoro generators were 
not fixed the theory is integrable in the sense advocated in |^. 

The situation becomes more involved in case when the gauge fixing functions depend 
on the phase space variables. An example of such a gauge is uniform light- cone gauge 



1 24, 25] ^. As the modest contribution to the study of the integrability of the gauge fixed 
theory we would like to present arguments that further support the claim that the string 
theory in uniform light-cone gauge is integrable. We explicitly construct Lax connection 
for bosonic sting on AdS^ x in uniform light-cone gauge and we argue that this Lax 
connection is flat ^. These arguments are based on the T-duality approach for the gauge 



^For some works considering integrability of sigma model on AdSs x S^, see j^, ^, ^, ^, ^, 0, 
^For recent discussion of this gauge, see for example [Eq, |27[ . 

^For some previous works discussing the integrability of the gauge fixed theory, see P, O, [15|. 
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fixing that was introduced in |28|. However before we proceed to this approach we show how 
T-duahty is implemented in case of principal chiral model and its relation to integrability 
4, following H, 1^, H, H. We argue that for some special examples of principal chiral 
models T-dual models are also integrable. Unfortunately we are not able to answer the 
question of integrability of T-dual of principal chiral model in the full general case. 

Then we proceed to the case of the bosonic string on AdS^ x S^, following formulation 
presented in [llll llH]. Our goal is to study the question whether the theory |]l^, 24, p^, 27 1 



formulated in the uniform light-cone gauge is integrable as well. We proceed in following 
way. In order to find the formulation of the theory in the uniform light-cone gauge we 



use the approach presented in [26, 28 1 that is more convenient for the study of the gauge 



fixed theory. On the other hand we argue, following [11, 15], that due to the fact that 
the original Lax connection is not T-duality invariant we have to perform field redefinition 
that introduces new Lax connection that is T-duality invariant. Using this improved Lax 
connection we can define the Lax connection in T-dual background when we use the map 
between original and T-dual variables. As the next step we perform the gauge fixing 



following [26, 28 [. Then we argue that the gauge fixed theory possesses the Lax connection 
that is flat. 

The extension of this work is as follows. It is straightforward to apply an approach 
presented in this paper to the case of the full Green-Schwarz superstring, following very 
nice analysis presented in [^ . On the other hand the second extension of this work is more 
involved. Even if we were able to find Lax connection for gauge fixed theory the Poisson 
bracket of the spatial components of Lax connection has not been determined yet. While 
the calculation of the Poisson bracket between spatial components of Lax connection is 
straightforward [^, ^ in case of the gauge fixed action it is much more difficult [^. Moreover, 



the Poisson bracket derived there does not seem to have the form presented in [^, 39 [. 
While an existence of Lax connection for gauge fixed theory implies an existence of the 
infinite number of conserved charges the fact that the Poisson bracket of Lax connection 
[|8[ does not take the standard form implies that it is not clear that these charges are in 
involution. Clearly this issue deserves further study. 

The organisation of this paper is as follows. In the next section (^) we review the 
derivation of T-duality rules for sigma model. Then in section (|3|) we present similar 
calculation in case of principal chiral model defined on group manifold. In section (Q) we 
turn to the case of principal chiral model that defines bosonic string on AdS^ x S^. We 
define Lax connection that is invariant under T-duality and then we find Lax connection 
for the theory fixed in uniform light-cone gauge. 

2. T-duality for Sigma Model 

In this section we introduce standard notation. We start with the sigma model action that 
describes the propagation of closed string on the background with several U{1) isometrics 



*For some reviews of T-duality, see M, M, B5| 
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(2.1) 

As usual we have introduced the effective string tension ^ that is identified with the 't 
Hooft coupling in the AdS/CFT correspondence, is worldsheet metric with Minkowski 
signature that in conformal gauge is 7"^ = (—1, 1) and e"^ = ^e^" = —e"'^ = 1. Next 
we assume that the action is invariant under the U{1) isometry transformations that are 
geometrically realised as shifts of the angle variables , z = 1, 2, . . . , d. In other words the 
string background contains the d-dimensional torus T'^. The action ( p.lj ) explicitly shows 
the dependence on (jf and their coupling to the background fields gij ,bij and Ua,i,Va,i- 
These background fields are independent on (p^ but can depend on other bosonic string 
coordinates which are neutral under the U{1) isometry transformations. Finally Crest 
denotes the part of the Lagrangian that depends on other fields of the theory. 

As previous discussion suggests the action (^) is invariant under the constant shift 
of 0* 

cl)''{T,a)=4>\T,a) + e' . (2.2) 
Corresponding Noether currents have the form 

Jt = -^V^{l''''^p<t^9J^ - e'^'^dp^^b,, + r^up^i - e"^^,0 (2.3) 
and obeys the equation 

daJt = (2.4) 

as a consequence of the equations of motion. 

Now we are ready to study T-duality for this model. We closely follow [^]. Let us 
start with the T-duality on a circle parametrised by cp^. As the next step we gauge the 
shift symmetry <p'^ = (p^ so that e"*^ is now function of r, a. If we require that the action 
is invariant under the non-constant transformation we have to introduce the appropriate 
gauge field Aa in such a way that 

da^^ ^ {da<p^ + Aa) = D^cj^ . (2.5) 

At the same time we add to the action the term (p^e'^^Fap in order to assure that the gauge 
field has trivial dynamics. The field (j)^ is corresponding Lagrange multiplier. Then we 
obtain the gauge invariant action 

S = j dTda^[r^Do.<l)^Dp<P^gu + 2r^Do,cl)^dpr9ia + r^do,rdf3(P'gab- 

(2.6) 

where a,b = 2, . . . ,d. Now thanks to the gauge invariance we can fix the gauge (f)^ = so 
that the action above takes the form 

S=-^ j dTdaV^i^'^'^AaApgn + 2^'^^ A^dprgia + l''^dardp<p''gab - 
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+ lA^i^^up^^ - e^^v^^i) + 29«0»(7°^n^,„ - e^^v^^a) + <A'e"^i^a/3 + Crest] 



(2.7) 



If we now integrate 4>^ we obtain that F^p = and hence = daO- Inserting back to the 
action (2/7) we obtain the original action (|2.l| ) after identification 6 = cf?' . On the other 
hand if we integrate out A^ we obtain 

Aa = — (-9«<^"5la + lapefPdpCt^^ia " {Ua,l " Ta/Se^^'t'p,! ) " 7a/3e^^9p(^^ ) . (2.8) 

511 

Since we have argued that Aa can be related to the original coordinate cj)^ as Aa = da4>^ 
the relation ( |2.8| ) implies following relation between original and T-dual variables and 

4>' 



(2.9) 



Now plugging the result (|2.8|) into the action above we obtain the action equivalent to ( 



47r 



+ 29„0*(7"%,,-e-%,O+^^ 



rest] 



where p6|, |3^] 
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(2.10) 



(2.11) 



These relations will be useful when we discuss the gauge fixed form of the bosonic string 
on AdS^ X in section (Q). On the other hand in the next section we perform the same 
T-duality analysis for the special case of the sigma model that can be written in the form 
of principal chiral model. 
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3. T-Duality for Principal Chiral model and Integrability 



Let us consider the special case of the sigma model action (2^) that is known as principal 
chiral model 



S = / dadT^j'^f'KABJ^J^ , (3.1) 

where 



J = G-^dG = J^Ta , (3.2) 

and where G is a group element from the group G and where Ta are generators of corre- 
sponding algebra g that obey following relations 

[Ta, Tb] = JIbTc , TrCr^Ts) = Kab , (3.3) 

where Kab is invertible matrix and where = —f^A structure constants of the 
algebra g. The indices A, B label components of the basis Ta- If we parametrise the group 
element with the fields we can write the current as 

= Eiid^x''' . (3.4) 

Finally we introduced the metric 

Qmn = E^iKabE§ (3.5) 

defined on some target manifold labelled with coordinates x^^ . In this interpretation 
are vielbeins of the target manifold |^0|. Note also that can be written as 

E^ = Tr{G-^dGTB)K^^ (3.6) 
and hence the line element ds'^ can be written as 

ds^ = TT{G^^dGG-^dG) . (3.7) 
It is well known that the principal chiral model is integrable [40|. More precisely, we 



can find Lax connection for the action ( |3.lD that is flat. Further, we can argue that this 
model possesses infinite number of integrals of motion that are in involution 

Following [^] we now consider the case when algebra g contains Cartan sub algebra 

Ti, [T„Tj]=0, i = l,...,d, TV(T,T,) = K,, , (3.8) 

where d is the rank of the algebra. Let us also parametrise the group element as 

Using ( |3.9| ) we obtain 

7"'5Tr(J« J^) = j'^'^TT{{h-^daa%h + h^^dah){h-^dpa^Tjh + h-^dph)) = 



(3.10) 
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where 



Hi^ = TriTidahh-^) 



(3.11) 



Now we are ready to study T-duality for this form of principal chiral model. In order to 
have contact with the discussion performed in next section let us consider slightly more 
general case. Explicitly, let us take first two a's and consider following combination 

Q'^ = ^°7^ a = 1,2, x,y = l,2, (3.12) 

where Ty are constant parameters. Using (3.12) the action ( |3.1| ) can be written as 

+ 2-i^^daa''Hap + -f''^Tr{h-^dahh-^df3h)] , 

(3.13) 

where we also presumed that the metric Kij is block diagonal so that Kaa = , a, 6 = 
3, . . . ,d. In (3.13) we also introduced the notation 



jy'f -pa-pf3 Ty- rrt -p/3 tt 

xy X V ce0 ) -"xa x I 



13a ■ 



(3.14) 



Let us now consider T-duality along the direction labelled with 7^. As in the previous 
section we gauge the theory corresponding to the shift of 7^ 



Then if we fix the gauge with 7^ = the action takes the form 



(3.15) 



S 



in 



+ r^daa'^df^a^'Kab + 2r^A^H[p + 

+ 2r^^^Hy + 2-i^Pdo.c^Hap + ^''^Tr{h-^dahh-^dph) + e''^4>Fap] • 

(3.16) 

If we integrate 4> we obtain e^^F^/j = that can be solved with 

Aa = 5,7' (3.17) 
and we recover the original action. On the other hand if we integrate A^ we obtain 



(3.18) 



Since A^ = 9^7^ this equation determines the relation between original and dual variables 

(3.19) 



-"■11 
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Inserting (|3.19D into we obtain dual action 



S 



K- 



11 



K 



11 



K' 



-"■11 

+ 2j''fd^a''Hap + j''f{TT{h-'d^hh-'df3h) - -^H[^H[f,) 

^11 



^11 



Let us now observe that we can write 



(3.20) 



= T^Tr{h-%hh-^dah) = T^Tr{h~%hTA)K'^^Ti{TBh-^dah) 
K'xy = r"r^Tr(rQ,T/3) = V^Vl^gap = g'^y 



(3.21) 



and consequently 



K 



12 



922 



1/3 



( 9'2. 



9'129'lr. 

9'u 



9l29l2\ 

9'n J 



1 



7"^ ( TT{h~^dahh~^dfsh) - —H[^H[ 



7"^ I 9[ 



9lrn9ln 

9'n 



^11 



5'ii 



5'ii ' 



2 H' n' n' 

^df,4>-r^ = e^''dax"'df,4>^ - e'^^djdpx^^-^ 
K'li 5ii 9'ii 



(3.22) 



In other words T-dual action ( 3.20 ) has exactly the same form as the action ( |2.10| ) with 
the metric and two form components given by Buscher's rules ( 2.11 ) when we replace gMN 
with 5^^. 

Let us now restrict to the case when the metric 5jvfAf diagonal and consequently 
H'xa — 0- Then, in the similar way as in |2^ we introduce following generators of the sub 
algebra of Cartan algebra 



K 



11 



K 



(3.23) 



11 



and consider following group element 



(3.24) 
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with corresponding current 

J = G-^dG = h-^da'fih + h-^dh . (3.25) 
Then we can write T-dual action ( p. 20 ) in the form 



(3.26) 



Note that the last term can be written as 



ITT J K^^ ivr J K^^ 



(3.27) 



and hence does not affect the equations of motion. The first term is total derivative and 
can be discarded from the action and the second one vanishes due to the antisymmetry of 

The fact that T-dual action ( |3.26| ) has again form of the principal chiral model ^ implies 
that T-dual theory is integrable as well. On the other hand the form of the group element 
( |3.9| ) is rather special. For example, the principal chiral model that describes bosonic string 
on AdS^ X does not have such a simple form. 

4. Integrability of Gauge Fixed Bosonic String on AdS^ x 

The motivation for the study of the question whether the integrability of the principal 
chiral model is preserved under T-duality was to understand the integrability of the gauge 
fixed action for string on AdS^ x S^. The problem is that this principal model does not 
have such a simple form as an example given in the end of the previous section and hence 
we have to proceed in different way. 

Explicitly, let us consider action for bosonic string on AdS^ x in the form 



dadrV^r'^gMNdax'^df.x'' , (4.1) 



where qmn are metric components of AdS^ x whose explicit form is given below and 
where label coordinates of this space. 

In order to study the integrability properties of the theory we use the fact that we can 
write the sigma model action (|4.1| ) as [^] 



An 



J dadT^^'^f'TiiJ^Jp) , (4.2) 



^Up to terms that do not affect equations of motion. 
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where 




(4.3) 



Here ga and gg are following 4x4 matrices 



ga 



( 



\ 





-zi 





-Zi 



-Z2 

Zi 


7* 
^3 



ZI \ 



7* 

^2 

- 7* 




V 





-yi 



yi 



-y^ 
-yi 



-y2 3^3 \ 

yz y*2 

3^1* 

-yi J 



(4.4) 



where Z^, = 1, 2, 3 are the complex embedding coordinates for AdS^ and yk , /c = 1, 2, 3 
are the complex embedding coordinates for sphere. The matrix ga is an element of the 
group SU {2,2) since it can be shown that 

alEga 



E 



^ = diag(-l, -1,1,1) 



provided the following condition is satisfied 



-^^1 -iSl + ^2 — -^3 -^3 



-1 



(4.5) 



(4.6) 



In fact ga describes embedding of an element of the coset space S0{A,2) / SO{b,l) into 
group SU{2,2) that is locally isomorphic to S'0(4, 2). We use this isometry to work with 
4x4 matrices rather with 6x6 ones. Note that due to the explicit choice of the coset 
representative above there is not any gauge symmetry left. Quite analogously gg is unitary 



9s9l 



1 



(4.7) 



on condition that y^yi + 3^2 3^2 + 3^3 3^3 = 1- The matrix g^ describes an embedding of an 
element of the coset SO{6)/ S0{5) into 5C/(4) being isomorphic to SO (6). 

The variables Z,y are related to the variables used in (4.1) as follows. The five sphere 
is parameterised by five variables: coordinates ,i = 1, ... ,4 and the angle variable 
(j). In terms of six real embedding coordinates ,A = 1,...,6 obeying the condition 
YaY^ = 1 the parametrisation reads 

yi + iy2 , ys + m 



y^ = Yi + iY2 



3^3 = n + iYe 



1 + f 

1-y- 

^ 4 



y2 = Y3 + iYi 



1 + ^ 



1 + 



exp(i(/ 



(4.8) 



In the same way we describe the AdS^ space when we introduce four coordinates Zi and 
t. The embedding coordinates Za that obey ZaZbij^^ = — 1 with the metric t]^^ = 
(— 1, 1, 1, 1, 1, —1) is now parametrised as 



Zi = Zi+ iZ2 



Zo + iZ5 



Z\ + iZ2 
^ 4 



^2 = ^3 + i^4 



z-i + izi^ 

^ 4 



1 + — 

_ %_ exp(it) . 



(4.9) 
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Note that the hne element for AdS^ x takes the form 




^•5^ = ^^^^ + Z -TT^dzidzi + I ^ I dcj)^ + ^—r^dyidyi . 



(4.10) 

Now using the fact that the bosonic string on AdS^ x can be written as principal chiral 
model immediately implies an existence of the Lax connection 

La = Y^^-^^ ~ ^7a/3e^V^) (4.11) 

that obeys the flatness condition 

do^Lp - dpLa + [L^, Lp]=0. (4.12) 



Note that 7^/3 in ( [4.11 ) is general world-sheet metric and A is a spectral parameter. 



Then it was shown in |Q] that the Poisson brackets of spatial components of Lax con- 
nection implies an existence of infinite number of conserved charges that are in involution. 
On the other hand it would be interesting to study the gauge fixed form of the theory 



and whether the integrability is preserved in this case. In fact it was shown in 15 1 that 
for some form of the gauge fixing the theory is integrable as well. Now we would like to 
give an alternative argument that supports the integrability of the gauge fixed theory in 
uniform light-cone gauge. 



Our approach is based on the definition of the gauge fixing introduced in [26, 28]. Let 
us introduce following combinations 

= {1 — a)t + a(j) , x~ = (j) — t , 
t = x'^ — ax~ , (j) = x^ + (1 — a)x~ , 

(4.13) 

where a is a free parameter from interval a G [0, 1). Using these variables the action ( [4.1] ) 
takes the form 

S = j dadT^/^-i°'^{g++dax'^dpx^ + 2gj^^daX^ dj^x'^ + 

+ g.^dax-dpx- +g„^ndax"'dpx'') , (4.14) 

where now 

9++ = 9tt + g<t,(t, > 9+- = -agtt + (1 - a)g^^ , g — = guo^ + (1 - af94>^ ■ (4.15) 



and X™ = (yi,Zi). As the next step we perform T-duality along x . Using ( [2.9[ ) we obtain 
the relation between original and T-dual variables in the form 

e'^f^d^x- = -i'^^dpx+g+^ + -f'^^dpx-g^. , = , x+ = x+ . (4.16) 
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Then ( 4.16| ) also implies 



daX~ 



(4.17) 



Note that formula's ( 2.11| ) also imply following forms of metric an two- form field compo- 
nents in T-dual theory 



1 



9— 
9++ = 9 
9- 



gtta^ + (1 - a)2 

,2 



9- 



~9+-=^ 
9 tt 9(f)(1) 



dmn — ymn i 



9— 9tta^ + (1 - 
I -agtt + (1 - a 

— 0-1 — 



9- 



gtto? + (1 - a)2 



As the next step we integrate out the world-sheet metric and we obtain 

lap = OaX dpX QMN ■ 

Inserting this result to the T-dual action we obtain 



S 



' 27r 



dadr 



1 



N 



(4.18) 



(4.19) 



(4.20) 



Finally, the uniform gauge fixing is achieved as 



1 -a 



J_|_(T 



(4.21) 



However since this approach is based on T-duality transformation of the action we come 
to the puzzle since the Lax connection explicitly depends on the variables that parametrise 
isometry directions. To resolve this problem we follow |11, 15 1. 

We start with the original form of the action (4.2) with general world-sheet metric. 
Then we use the fact that matrices gs-,ga enjoy following property |11, 15| 



5.(2/, </.) = Mms{y)M{(t>) 
ga{z,t) = N{t)ga{z)N{t) , 



(4.22) 



where 



( e'^^ \ 

ei^ 

e^"?^ 




, N{t) 



/ei* \ 
e5* 
e~i* 

\^ e"3*y 



(4.23) 
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and 



9a 



1' 



\ 



1+4 



22 

-Z 





-zx 



-Z2 





1- 







9s 





-yi 

y2 

1-4 



J V 1+4 

Note that in this case the matrix G can be written as 



yi 


-y2 


i-v 
1+4 





1-4 
1+4 




1+4 







-y*2 


-yi 






(4.24) 



G = MGM , M = 
Using this factorisation property we obtain 



N{t) 
M(0) 



G 



9a 

gs 



J = G-^dG = M.-^(G-^dG + -G'^d^G + -d*)M = M^Vm 
^ 2 2 ^ 



where 



^> 
^ 



(4.25) 

(4.26) 
(4.27) 



and where $ = diag(- 



Lax connection L from the original one ( 4.11 ) as 
Then the flatness condition ( [4.12 ) implies 

daLp — 8(3 La + [La, Lfj] = 



and ^ = diag(t, t, — t, — t). Now using ( [4.26| ) we define 

(4.28) 



( da{Lp - '-dp^) - dp{La - '-da^) + 



{La-'-da^),{Lp-'-dp^) 



M = 



(4.29) 



Hence we see that instead of the original Lax connection we can find another one that is 
again flat 

% 

'La = La{^) - -da^ = 



^-i^(4(*) - A7a/3e^V^(*)) - '-da^ , 



(4.30) 



where we explicitly stressed the dependence of J on $ as follows from ( [4.26 ). The advantage 
of the Lax connection L is that it now depends on a derivative of $ only. This result 
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implies that the Lax connection L is useful for the definition of the Lax connection for 
T-dual theory. Further, since the relations between original and T-dual variables are valid 
on-shell we obtain that the Lax connection defined using the T-dual variables is flat as 
well. More precisely, using ( 4.13D we replace t and in <I>, ^' with x~^,x^ so that 



(x"^ + {I- a)x~)n , J] = diag(-l, 1,1,-1) 
(x+-aa;~)S, S = diag(l, 1, -1, -1) . 



(4.31) 



Then using the relations between original and T-dual variables (|4.16D we find 

da^ = [dax^ - (1 - a)-^{dax^g+- + -faf3e^'^d^x~)]n , 
= [daX^ + a—{dax^g+- + Ta/je^'^S^x" )] S . 

Then we can define Lax connection for T-dual theory in the form 



(4.32) 



1 



La = - A7„^e^V^(*)) - -9,* , 

(4.33) 

where now $ depends on x^^ through the relations ( |4.32| ). Since ( |4.32| ) hold on-shell the 
Lax connection defined in T-dual theory ( |4.33p is flat as well. Note that we still presume 
that the world-sheet metric ja/s given in ( 4.33| ) is general. However as the next step in the 
gauge fixing procedure we integrate out it and we get (4.19). Again, since Lax connection 



is flat for any metric it is flat for metric that is on-shell ( 4.19 ). Finally, we perform the 
gauge fixing when we insert ( 4.21| ) into ( [4.32 ) and we obtain components for gauge 
fixed theory 



J4 



7r 



4 - a 
(1 - a) J4 



7a 



27r 



2vr 5- 

- — n , 



'-19- 



1 



4 - a 
aJ+ 



+ 



It 



2vr 5—^ 



27r 



where now 



7ra 

7(7<7 
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(4.34) 



(1 - a2) gua^ + (1 - a)2 

gmndrX d^jX , 
Ji 



^T^'^igtta? 



{I 



~\~ gmndrX dfX 



(4.35) 
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As it is clear from arguments given above the Lax connection for theory in the uniform 
light-cone gauge (4.21) is flat. We mean the study of the integrability of the gauge fixed 
theory in the Lagrange formalism can be considered as an useful alternative to the analysis 
presented in [13, f^]. 
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